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Diffraction of a Shock Wave by a Compression Corner:
I. Regular Reflection

Paul Kutler* and V. S. Vijaya Shankarf
NASA Ames Research Center, Moffett Field, Calif.

The unsteady, two-dimensional flowfield resulting from the interaction of a moving planar shock wave with a
compression corner is determined using a second-order, discontinuity-fitting, finite-difference approach. The
time-dependent Euler equations are transformed to normalize the distance between the body and the peripheral
shock and to include the existing self-similar property of the flow. The resulting set of partial differential
equations in conservation-law form is then solved in a time-dependent fashion using MacCormack’s scheme.
The vortical singularity, which lies on the body surface, and the single reflected shock are both treated as

discontinuities in the numerical procedure. The results of the numerical simulation are qualitatively very similar

to the existing experimental interferograms and yield better flowfield resolution than previous first-order, shock-

capturing, numerical solutions.

Introduction

OR well over a quarter of a century, experimentalists '’

and theoreticians®*?' have been studying the problem of
shock wave diffraction, that is, the deflection of a shock wave
whose normal path has been impeded by some obstacle.
Current interest in this problem has been generated by re-
searchers®? investigating the nuclear blast fields around
aerospace vehicles and around flush-mounted surface
structures in an attempt to accumulate a data base for sur-
vivability and vulnerability studies. Such parametric in-
formation can be used to determine the nonuniform dynamic
loading to be applied in structural analysis programs for the
design of present-day or future generic aerospace systems.

The interaction of a spherical blast wave with a planar
surface results in the complete range of shock reflections; that
is, from regular reflection at 0° incidence of the blast wave
with the surface (Fig. 1a) to Mach reflection at 90° incidence
(Fig. 1b). The determination and understanding of this in-
teraction is of importance not only to the structural engineer
interested in the transient blast loading effects but also to the
aerodynamicist interested in the mechanics of the flowfield.

The simplest laboratory experiment designed to study the
shock diffraction problem consists of a two-dimensional
wedge or ramp mounted on the wall of a shock tube (see Fig.
2). Depending on the angle of inclination of the ramp with
respect to the shock tube wall 8, and the strength of the planar
incident shock (with Mach number M), either regular or
Mach reflection occurs. Regardless of the type of reflection
process, this shock diffraction problem is self-similar with
respect to time since there is no characteristic length
associated with the problem.

The self-similar flowfield that results from regular
reflection of the incident shock at the surface of the wedge
(see Fig. 2a) is not as complicated as that for Mach reflection,
The regularly reflected shock is straight up to the sonic circle
and then curves to become perpendicular to the shock-tube
wall, and between the circle and the shock impingement point
the flow is uniform. In the physical plane, the flow follows the
shock wave, whereas, in the self-similar plane, the flow moves
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away from the shock wave and in a direction toward the
ramp.

In this problem, there exist two self-similar stagnation
points, that is, points at which the self-similar velocity
components U=u—x/t and V=v—y/t are zero; the firstis
located at the juncture of the wall and ramp (where the
streamlines appear as a saddle point), and the second, termed
a vortical singularity, is located at some point along the ramp
(where the streamlines appear as a nodal singularity). All
streamlines in the self-similar plane converge at the nodal
point or vortical singularity, and, therefore, the entropy is
multivalued. At the saddle point, the streamlines turn away,
and the entropy is regular. The level of entropy on the
stagnation streamline and along the ramp up to the vortical
singularity is equal to that behind the normal part of the
reflected shock, whereas the level of the entropy along the
ramp between the vortical singularity and the incident shock
impingement point is equal to that behind the straight part of
the reflected shock.

From an analysis of the equations governing the flow
behavior in the vicinity of conical, self-similar stagnation
points, '%?* it can be shown that the pressure is a local
maximum at the saddle point of streamlines, and this point
corresponds to a centerpoint of isobars. Similarly it can be
shown that the pressure is a local minimum at the nodal point
of streamlines, and this point corresponds to a saddle-point of
isobars. These features of all inviscid, conical, self-similar
flowfields can be observed in the pressure contour plots
presented in the Results section of this paper.

A typical Mach reflection case for weak incident shock
waves is shown in Fig. 2b. This self-similar flowfield, which
will be treated in a later paper, >* is somewhat complicated by
the existence of a triple point at which the incident, reflected,
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Fig. 2 Shock wave diffraction by a compression corner.

and Mach stem shock waves meet. Emanating from the triple
point is a slip surface that intersects the ramp at the vortical
singularity. The numerical solution of the Mach reflection
problem employs a transformation that normalizes not only
the distance between the reflected shock and ramp (as
presented here for the regular reflection case), but also the
distance between the wall and Mach stem. Thus two separate
problem formulations are required and hence two in-
dependent computer codes.

In the present paper, the two-dimensional, time-dependent
Euler equations that govern these flows are solved with initial
conditions that result in regular reflection of the incident
shock. The hyperbolic partial differential equations are
transformed to include self-similarity and then normalized
between the ramp and the reflected shock. The self-similar
transformation reduces these equations from an unsteady to
an equivalent steady set of mixed elliptic-hyperbolic
equations; that is, in the shock layer between the wall and the
sonic circle (see Fig. 2a), they are elliptic, whereas above the
sonic circle they are hyperbolic. The equations are made total-
ly hyperbolic by reintroducing a time-like or residual term,
which should approach zero in the converged solution. The
final set of equations is written in strong conservation-law
form and then solved using MacCormack’s? second-order,
finite-difference algorithm.

Unlike previous numerical solutions, !''>142! poth the
vortical singularity and the peripheral shock wave are treated
as sharp discontinuities, thus resulting in a more accurate
description of the inviscid flowfield. To impose the surface
tangency condition at the wall and along the ramp, a number
of boundary condition procedures are tried, including that of

" Kenizer,?® in an attempt to employ the simplest yet most
accurate one. The resulting numerical solutions are compared
with available experimental data and existing first-order,
shock-capturing numerical solutions.

Governing Equations

A Cartesian coordinate system is used in the problem
formulation, the origin of which is located at the intersection
of the wall and the ramp. The x axis is aligned with the wall,
and the y axis is normal to the wall and in the direction of the
ramp (see Fig. 3a). Under the assumption of an inviscid, non-
heat-conducting, ideal gas, the fluid dynamic equations in
strong conservation-law form?"*® for the independent
variable transformation 7=, n=n(tx,y), and £=£(tx,y)
are .

(U/8) ,+ 1 (Un,+En,+Fn,) /o1,

+ [ (UE +EE+FE,) /8] =0 )
where
I pu ov
ou p+pou? puv
pU puv p+p02
e (e+p)u (e+p)v

and5=71x$v"ﬂy5x-
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Fig.3 Coordinate system and computational plane.

In the conservative variables of Eq. (1), p represents the
pressure; p, the density; u and v, the velocity components in
the x and y directions; and e, the total energy per unit volume.
The pressure, density, and velocity are related to the energy
for an ideal gas by the following equation

e=p/(y—1)+pu?+0v?)/2 (]

The following functions ‘are used for 7, 9, and £, which
include the self-similarity of the problem and a normalization
of the distance between the ramp and the reflected shock:

T=1
n=[x=xp(¥) 1/ [x:(£,¥) — x5 (¥) ]
E=y/t 3)

where x, () =y cot 8, represents the equation of the ramp,
and where x,(t,y) represents the equation of the shock. The
partial derivatives required by Eq. (1) are

N, = =X,/ (X;—Xp) §=—¢&/7

nle/(xs—"xb) £x=0

nyz_[xby_f’(xsy_xby)]/(xs_xb) £y=I/T (4)

The transformed, time-dependent Euler equations, which
are hyperbolic with respect to 7, are solved using a time
asymptotic approach. Because of the self-similar trans-
formation, the (U/8), term in Eq. (1) approaches zero as 7
increases, thus establishing a convergence criterion.

Boundary and Initial Conditions

The transformation given by Eq. (3) results in the com-
putational plane shown in Fig. 3b. It is bounded by the
reflected shock wave and outer boundary, both of which are
permeable surfaces, and by the wall and ramp surfaces, both
of which are impermeable surfaces. The boundary-condition
procedures applied at each of these surfaces and the initial
conditions are discussed following.

Reflected Shock Wave

The position and shape of the reflected shock wave are
determined at each step of the time-asymptotic integration
procedure. The variables X;, X, and x;, that appear in the
conservative variables of Eq. (fv) along the flow variables at
the shock can be determined by employing an unsteady
variation of Thomas’® ‘‘pressure approach’ 3 for
propagating shock waves. In this approach, it is only
necessary to know the pressure behind the shock to alter its
position for the next time level. The required pressure is
obtained by using the normal field point predictor-corrector
algorithm at the shock but with one-sided differences away
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from the shock or in the n direction. The shock speed (see Fig.
4) and remaining flow variables are given by the following
equations, which include the Rankine-Hugoniot relations

Xs, =qs/cosf (5a)
where

8 =tan‘1x5y

q; =i,—a,M,

M, ={ L[ 2 n+-bl]”

2yL p;

d, =lul NI+x3,

a, =(yp2/p2)"

X5, =Xs &y
and

ps =0 (y+ DM/ [(y—DHM 7 +2] (5b)

ug  =uy+ (@, ~ ) INIT+x3, (50)
Vs =—[(12y—ﬁx)xsy/\/1+x§y (5d)
@, =Ma;+q;

” _[ (y=DM,*+2 ]'«/z
oL 2yM = (= 1)

a; = (yps/os) "

€ =ps/(‘/_1)+ps(u52+vsz)/z (56)

The quantity x,, in Eq. (5a) is determined numerically using a
second-order central difference formula. The subscript 2 in
Eq. (5) refers to the uniform flow region 2 of Figs. 2a and 4.
The flow variables in region 2 are given in terms of the known
flow quantities of region 1 and the incident shock Mach
number by the following equations for a moving shock

p2=p,;[2yM? = (y=D) 1/ (y+1) (6a)

+1 +1
(2 222w
1

y—1 p; y—1
_(7—1)M52+2]<@>’/’

=M[1
2= (v+ DM,z 1\ p,

(6¢)

The actual propagation of the shock wave in the numerical
procedure is accomplished by using a second-order Euler
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predictor/modified Euler corrector
x{ =x,"+xAr predictor (7a)
X1+ =x "+ V(X +xj(TI)AT corrector (7b)
T

where x; =x; +X, V., A7 is the integration step size, and Xs,
(see Fig. 4) is given f)y Eq. (5a).

The above equations are used as follows: Initially at time
step n all flows variables at the shock are known, including
the shock shape and speed. The pressure behind the shock is
predicted using the first step of MacCormack’s scheme. The
shock wave is then moved using Eq. (7a), and the predicted
position permits the shock derivative X;, to be computed. The
shock speed, density, velocity compornents, and energy are
then calculated from Eq. (5). The same procedure is used in
the corrector step except that the second step of Mac-
Cormack’s scheme is used and Eq. (7b) is used to correct the
shock position.

Impermeable Boundaries

The impermeable boundaries in the shock-diffraction
problem consist of the wall surface and the ramp surface.
Each of these boundaries is aligned with a constant coordinate
line as a result of the self-similar, normalizing trans-
formation. Because of this alignment and the fact that the
flow must be tangent to these boundaries, the only variable
required at the body to advance the field points according to
Eq. (1) is the pressure. However, determination of the
remaining flow variables and the position of the vortical
singularity on the ramp surface is essential in computing this
pressure. Discussed below are two different boundary con-
dition procedures that were tested for satisfying the tangency
condition and determining the flow variables along the wall
and ramp surfaces.

In the first, a simple Euler predictor/modified Euler
corrector with one-sided £ derivatives at the wall and 7
derivatives at the ramp for Eq. (1) is used. The tangency
condition itself, that is, v=0 at the wall and v=u tan 9, along
the ramp, is imposed after the corrector step. Having
determined the velocity components from this procedure, the
self-similar velocities U=u~x/f and V=v—y/¢ are usedto
locate the vortical singularity by noting at what position along
the ramp they are identically zero. Knowing this location, the
appropriate entropy levels are assigned to the surface grid
points. As mentioned in the Introduction, the level of entropy
at node points along the wall and on the ramp up to the
vortical singularity is equal to that behind the normal part of
the reflected shock, whereas the level of entropy at node
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Fig. 5 Comparison of numerically generated pressure contour plots;
M, =1.89,0,=65".
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points between the vortical singularity and the incident shock
impingement point is equal to that behind the straight part of
the reflected shock. The corresponding body density is ob-
tained from the following expression by using the pressure
computed by the one-sided finite-difference scheme

p=(p/s) !/ 8

where s is the appropriate entropy level. The total energy e is
then recomputed using Eq. (2).

The second boundary condition procedure tested was that
of Kentzer. 26 It is based on a method of characteristics ap-
proach in combination with one-sided finite differences. The
equations for the characteristics and the compatibility
relations along those characteristics are derived both in the
n—r7 and £ — 7 planes; the purpose is to derive an expression
for p, valid at the body points that can be integrated to obtain
the surface pressure.

For the wall, the compatibility relation corresponding to
the down-running characteristics in the £ — 7 plane is com-
bined with the surface tangency condition in differential form
(v, =0) to yield the following

p.=—ck, (pcvy —pg) — (Ap, +pc i, ~cq,p,) (9a)
U, ==y d=pn./p (9b)
Similarly, for the ramp surface, the compatibility relation
corresponding to the down-running characteristic in the n— 7

plane is combined with the flow tangency condition in dif-
ferential form (v,=u, tan9,) to yield

pCn, peny

p1=_A0pn+ 2 2 I/IA1+ 2 2 l/zAZ-—A.?
(e +m,7) (nx“+m,°) (10a)
U, =—UB—pny/p (10b)
where
c=(yw/p) "

a=n,+un,+um,

U=E&,+uk, + vk,
Ag=—c(n’+n,)) "
A;=—-u0—pm/p+Acu,
A,=(—uo—pm./p)tanf,+A,v,

PCY _

A3=0p£+pc"£),vg—~————(n T ) o
X y

U

pcn i
- ( 2+ny2) 7 (Epe/p+0v;)
x y

By combining the compatibility relation with the tangency
condition in differential form, the disadvantages of the true
method of characteristics (the iteration and interpolations
required to get data at specific points on a characteristic) are
eliminated.

Equations (9) and (10) are integrated in the normal
predictor-corrector fashion with the £ and % derivatives
replaced by one-sided finite differences to obtain the pressure
and u velocity at the body points. Having the u velocity
component, the v velocity component is computed from the
surface tangency condition. The self-similar velocities,
position of the vortical singularity, and body density are
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computed in the same way as described for the previous
boundary condition procedure.

Using the self-similar property of the flowfield in con-
junction with the surface tangency condition, it can be shown
from the normal momentum equation that dp/dn (where n is
the direction normal to each surface) is zero at the wall and
ramp surfaces. Neither Kentzer’s scheme nor the Euler
predictor/modified Euler corrector method satisfy this
condition exactly because of the approximate one-sided,
finite-differences involved. Therefore, after the converged
solution is obtained using either of the above boundary
condition procedures, the pressure at the body is recomputed
after the corrector step to satisfy dp/dn=0. A comparison of
the different boundary-condition schemes is presented in the
Results section of this paper.

Quter Boundary

The outer boundary (see Fig. 3) must be positioned beyond
the sonic circle whose equation is

(u3——xsc/t)2+(v3—ys(./t)2=a32 (11)

where u;, v3, and a; are known in the uniform flow region 3.
This results in the outer boundary being a supersonic inflow
boundary?® and allows the flow conditions along it to be
specified initially and held fixed during the entire integration
procedure.

Initial Conditions and Step Size

To initialize the flowfield at time r=1, given the incident
shock Mach number M, and ramp angle §,, the pressure and
density inregion 1 (see Fig. 3a) are first set equal to unity. The
flow conditions in region 2, which are used as the upstream
conditions for the reflected shock, can now be calculated from
Eq. (6) for a moving shock. The position and slope of the
reflected shock along with the uniform flow conditions in
region 3 are then determined from the equivalent steady,
regular shock reflection equations. These conditions deter-
mine the position of the sonic circle at 7=1 [see Eq. (11)] and
thus its intersection with the reflected shock.

Between this intersection point and the wall or plane of
symmetry, a cubic is used to approximate the shock shape.
Knowing the shock shape and assuming a self-similar flow,
that is, x; =x,/7, the flow variables behind the shock wave
can be computed.

To initialize the flow variables between the ramp and the
shock, the conditions at the stagnation point are first com-
puted based on the flow behind the normal part of the shock.
Along the ramp between the stagnation point and the sonic
circle, a parabolic approximation of the flow variables is
assumed. The field points are then initialized by a linear
interpolation of the flow variables at the ramp and reflected
shock.

The integration stepsize A7 must be specified to initiate the
calculation. Using a one-dimensional, amplification matrix,
stability analysis®' of MacCormack’s scheme, a governing
step size for Arrelative to the y and £ directions can be found

A7, =CN An/ly,+un, + vg, xc(n,* +7,%) *I (12a)
A7y =CN AL/ E, +ut + v, £c(§,7+E,%) 7| (12b)
where CN is the Courant number and is usually set to 0.9. For
the calculation to be stable, the minimum of the stepsizes in
Eq. (12)is used
Ar=min(A7,,A7;) (13)

Results

The computational grid for a typical shock-diffraction case
consisted of 11 points in the 5 direction and 27 points in the ¢
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Fig. 7 Surface density and pressure distribution along the wall and
ramp; M, =4.71,0,=60°.

direction. An average of 300 iterations was required to obtain
a converged solution and these consumed approximately 15
min computer time on an IBM 360/67.

Numerical results in the form of pressure and density
contour plots are qualitatively compared with the first-order
shock-capturing results of Rusanov ' (Fig. 5) and Schneyer !
(Fig. 6). Rusanov’s solution was obtained using Godunov’s
method for an incident shock Mach number of 1.89 impinging
on a 65° ramp. Most of the contours that appear in Fig. 5a lie
within the captured shock wave, and very few describe the
flowfield between the ramp and reflected shock in comparison
with the contours of Fig. Sb.

In studying the Mach reflection phenomenon, Schneyer %!
used a two-dimensional, Eulerian, hydrodynamic code to
obtain the regular reflection result shown in Fig. 6a. The
incident shock Mach number was 2.0 and the ramp angle was
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63.41°. His result exhibits the same qualitative behavior as
does Rusanov’s. The present result for the same case is shown
in Fig. 6b. The results of both Schneyer and Rusanov fail to
reveal the presence of the vortical singularity.

Law’ performed a series of experiments on the shock-
diffraction problem for various gases using a Mach-Zehnder
interferometer. In so doing, he tested a Mach 4.71 incident
shock striking a 60° ramp in oxygen; the result was regular
reflection. This case in addition to others at the same incident
shock Mach number but for different ramp angles were
obtained numerically to demonstrate the flowfield behavior in
the regular reflection regime. The results are presented in
Figs. 7-13. ‘

The density and pressure distributions along the wall and
ramp are shown in Fig. 7. At the stagnation point (point C of
Fig. 7), the density and pressure reach a local maximum, while
at the vortical singularity (point D of Fig. 7), the pressure is
continuous and at a local minimum, and the density is
discontinuous. A partial plot (see Fig. 8) of the self-similar
velocity along the ramp reveals the two self-similar stagnation
points at A (corresponding to the wall-ramp intersection
point) and B (corresponding to the vortical singularity).

In Fig. 9, results from the different body boundary con-
dition procedures are compared. Both the Euler predic-
tor/modified Euler corrector and Kentzer’s scheme yield very
nearly the same result. The oscillations near the stagnation
point are a result of the one-sided, finite-differences used in
these schemes. Imposing dp/dn=0 seems to yield a much
better solution without any oscillations in the flow variables
near the stagnation point.

Pressure and density contour plots of the computational
region are shown in Fig. 10. The center point of isobars near
the wall-ramp intersection point, and the saddle point of
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isobars near the vortical singularity (for which moving away
from the vortical singularity the pressure increases along the
ramp and decreases perpendicular to the ramp) can be clearly
observed in Fig. 10. In the density contour plot, the con-
vergence of various isopycnics at the vortical singularity can
be observed. The behavior of the flow near the stagnation
points in this unsteady two-dimensional self-similar problem
exhibits the same behavior as the steady, self-similar, three-
dimensional flow about an external axial corner. 3

The self-similar streamline pattern can be visualized by
observing the velocity vector directional plot of the com-
putational plane shown in Fig. 11. Notice that all the
streamlines converge at the vortical singularity.

A comiparison of the interferogram obtained by Law’ with
the numerically computed shock shape is shown in Fig. 12. If
an overlay of the two results were made by matching shock
impingement points, the experimental shock location would
fall inside the numerical solution. The reason for the
discrepancy is probably twofold. First, the viscous effects (the
majority of which can be observed near the wall-ramp in-
tersection point) might have the effect of decreasing the ramp
angle as a result of the boundary-layer growth with distance
from the shock impingement point. The reduced ramp angle
in turn results in a smaller shock standoff distance. Second,
the computed solution assumes flow of an ideal gas (y=1.4).
Thus effects on the internal energy such as molecular,
vibrational exictation are not taken into account. It is
known?? that flows of a ‘‘real gas’’ cause shock waves to lie
closer to the body than comparable flows of an “‘ideal gas.”’

The effect of varying the ramp angle for a given incident
shock Mach number of 4.71 on the shock standoff distance
(rs), position of the vortical singularity (r,,), location of the
sonic circle (ry), and shock impingement point (r;) are
shown in Fig. 13. The standoff distance exhibits almost a
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linear variation with ramp angle between the limit for regular
reflection and the last case computed of 6, = 85°. The vortical
singularity moves toward the wall with increasing ramp angle
and actually attaches itself to the wall for values of 8, greater
than 77°. The location of the sonic circle along the ramp, and
the shock impingement point are identical at the limit for
regular reflection. As 6, increases, the sonic circle moves
toward the wall while the impingement point moves away
from the wall.

Conclusions

The simple procedure developed in this paper for com-
puting the shock-diffraction problem for regular reflection is
capable of accurately predicting the inviscid flowfield with its
single peripheral shock wave and vortical singularity. The
solution in the neighborhood of the self-similar stagnation
points exhibits the properties predicted by a simple analysis of
the gas-dynamic equations with regards to the behavior of the
streamlines, isobars, and isopycnics. The present numerical
results are a considerable improvement over the early first-
order numerical solutions and compare favorably with
existing experimental data.

Structural designers interested in the dynamic loading
effects of blast-induced forces sometimes seek only the peak
pressures that occur at the surface of a configuration. Such
pressures for regular reflection of the incident shock occur
directly behind the reflected shock, as shown in Fig. 8, and
are, therefore, easily obtained from the procedure outlined in
the initial condition section of this paper. However, the
designer interested in the frequency response of the system to
the induced nonlinear forces requires the complete flowfield
for his analysis.
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